The aim of this paper is to introduce Ciric-Suzuki type quasi-contractive multivalued operators and to obtain the existence of fixed points of such mappings in the framework of b-metric spaces. Some examples are presented to support the results proved herein. We establish a characterization of strong b-metric and b-metric spaces completeness. An asymptotic estimate of a Hausdorff distance between the fixed point sets of two Ciric-Suzuki type quasi-contractive multivalued operators is obtained. As an application of our results, existence and uniqueness of multivalued fractals in the framework of b-metric spaces is proved.
holds for some r ∈ 0, 1 2 . Then F (T ) is nonempty.
Define the mapping ξ 1 : [0, 1) → 1 2 , 1 by ξ 1 (r) = 1 1 + r .
Kikkawa and Suzuki [28] obtained an interesting generalization of Theorem 1.3 as follows. Theorem 1.5. [28] Let (X, d) be a complete metric space and T : X → CB(X). If there exists an r ∈ [0, 1) such that ξ 1 (r)d(x, T x) ≤ d(x, y) implies that H(T x, T y) ≤ rd(x, y).
(
1.4)
for all x, y ∈ X. Then F (T ) is nonempty.
The mapping satisfying (1.4) is called r − KS multivalued operator. Using axioms of choice, Haghi et al. [21] proved the following lemma.
Lemma 1.6.
[21] For a nonempty set X and f : X → X, there exists a subset E ⊆ X such that f (E) = f (X) and f : E → X is one-to-one.
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Euclidean distance is an important measure of "nearness" between two real or complex numbers. This notion has been generalized further in one to many directions (see [3] ). Among which one of the most important generalization is the concept of a b-metric initiated by Czerwik [17] . The reader interested in fixed point results in setup of b-metric spaces is referred to ([3, 9, 14, 13, 16, 17, 18, 22, 29, 35] ). Definition 1.7. [16] Let X be a nonempty set. A mapping d : X ×X → [0, ∞) is said to be a b-metric on X if there exists some real constant b ≥ 1 such that for any x, y, z ∈ X, the following condition hold: If b = 1, then strong b-metric space is a metric space. Every metric is a strong b-metric and every strong b-metric is b-metric but converse does not hold in general ( [4, 5, 13, 16, 35] ).
Consistent with [16, 17, 18, 35] , the following (definitions and lemmas) will be needed in the sequel. Lemma 1.8. [16, 17, 18, 35] Let (X, d) be a b-metric space, x, y ∈ X and A, B ∈ CB(X). The following statements hold: c1) (CB(X), H) is a b-metric space.
c2) d(x, B) ≤ H(A, B)
for all x ∈ A.
c3) d(x, A) ≤ bd(x, y) + bd(y, A).
c4) For h > 1 and z ∈ A, there is a w ∈ B such that d(z, w) ≤ hH(A, B). c5) For every h > 0 and z ∈ A, there is a w ∈ B such that d(z, w) ≤ H(A, B) + h.
CHARACTERIZATION OF A B-MATRIC SPACE COMPLETENESS VIA THE  EXISTENCE OF A FIXED POINT OF CIRIC-SUZUKI TYPE  QUASI-CONTRACTIVE MULTIVALUED OPERATORS AND APLICATIONS   9 c 8 ) a Cauchy sequence if for any > 0, there exists n( ) ∈ N such that for each n, m ≥ n( ), we have d(x n , x m ) < , c 9 ) a convergent sequence if there exists x ∈ X such that for any > 0, there exists n( ) ∈ N with d(x n , x) < for all n ≥ n( ). In this case, we write lim n→∞ x n = x.
) for all n ∈ N and for some 0 ≤ h < 1, then it is a Cauchy sequence in X provided that hb < 1.
Equivalently, a sequence {x n } in b-metric space X is Cauchy if and only if lim n→∞ d(x n , x n+p ) = 0 for all p ∈ N . A sequence {x n } is convergent to x ∈ X if and only if lim n→∞ d(x n , x) = 0.
A subset Y ⊂ X is closed if and only if for each sequence {x n } in Y which converges to an element x, we must have
) is said to be complete if every Cauchy sequence in X is convergent in X.
An et al. [4] [4] ).
In what follows we assume that a b-metric d is continuous in one variable. Aydi et al. [6] proved the following result as a generalization of Theorem 1.4 ([2, Theorem 1.4]). Theorem 1.12.
[6] Let (X, d) be a complete b-metric space and T : X → CB(X). If there exists some r ∈ [0, 1) with r < 1
holds for all x, y ∈ X, then F (T ) is nonempty.
Define the mapping ξ 2 : [0, 1) → 1 2 , 1 by ξ 2 (r) = 1 1 + br .
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Kutbi et al. [29] obtained the following Suzuki type fixed point theorem result in the setup of b-metric spaces. 
Let (X, d) be a b-metric space, f : X → X, T : X → CB(X) and x, y ∈ X. We use the notations
where b is the b-metric constant. Note that ξ(bt, t) ≤ 0 and ξ s,
Example 1.14. For i ∈ {3, 4}, define ξ i :
, where ψ, ϕ : R + → R + are functions satisfying
is called a Ciric-Suzuki type quasi-contractive multivalued operator if there exists an r ∈ [0, 1) satisfying r < 1
implies that
for all x, y ∈ X, where ξ ∈ Λ.
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If CB(X) = {{x} : x ∈ X}, then T : X → CB(X) is called a Ciric-Suzuki type quasi-contractive operator. Definition 1.16. Let (X, d) be a b-metric space, f : X → X and T : X → CB(X). A hybrid pair (f, T ) is said to be Ciric-Suzuki type quasi-contractive hybrid pair if there exists an r ∈ [0, 1) satisfying r < 1
for all x, y ∈ X and for some ξ ∈ Λ.
In this paper, we obtain fixed point results for Ciric-Suzuki type quasicontractive multivalued operators in b-metric space. Further, completeness characterization of strong b-metric and b-metric spaces via the existence of fixed point of Ciric-Suzuki type quasi-contractive operators is obtained. Our results extend, unify and generalize the comparable results in [2, 6, 12, 27, 29, 31, 33, 39] . As applications of our results:
Proof. Let u and v be given points in
Define a sequence {u n } by u n = u = v, for all n ∈ N * . Clearly, u n ∈ T u n and {u n } converges to u = v ∈ F (T ). Hence T is a MWP operator.
Let u 0 be any point in X and u 1 ∈ T u 0 . Note that
As T is a Ciric-Suzuki type quasi-contractive multivalued operator, we obtain that
By Lemma 1.8, there exists an element u 2 ∈ T u 1 such that
From (2.1) and (2.2), we have
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We have
Again by Lemma 1.8, there exists an element u 3 ∈ T u 2 such that
By (2.4) and (2.5), we obtain that
Continuing this way, we can obtain a sequence {u n } in X such that u n+1 ∈ T u n and it satisfies:
, we have δ n ≤ γδ n−1 , where
That is bγ < 1. By Lemma 1.10 , {u n } is a Cauchy sequence and hence
for some z ∈ X. Now we claim that
for all x = z. As lim
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for all n ≥ n 0 . Now, by taking limit as n → ∞ on both sides of the above inequality, it follows that
a contradiction and hence (2.9) holds for all x = z. Now we show that z ∈ T z.
Assume on contrary that z ∈ T z. Clearly, r < 1
15
Note that
Hence
which implies either a ∈ T a or d(a, T a) < d(a, T a), a contradiction. Hence
As max{d(z, a), d(a, T a)} = d(a, T a), is not possible, we have
From (2.9) and (2.12), we obtain that
(2.13) Now, by (2.11), (2.12), and (2.13), we have . Then T is a MWP operator.
Then r < 121 276
. Define the mapping T : X −→ CB(X) by
Note that H(T x, T y) = 0 ≤ rM T (x, y) for all x, y ∈ {x 1 , x 2 , x 3 }. If x = x 1 and y ∈ {x 4 , x 5 }, then H(T x, T y) = d(x, y) = 3 ≤ 4.8 = rd(x, y) ≤ rM T (x, y). If x = x 2 and y = x 4 , then we have
For, x ∈ {x 2 , x 3 } and y ∈ {x 4 , x 5 }, we have H(T x, T y) = 3 ≤ 3.6 = rd(x, y) ≤ rM T (x, y). Note that
Hence, for all x, y ∈ X, we have
. Thus all the conditions of Theorem 2.1 are satisfied. On the other hand, if we take x = x 4 , y = x 5 , then we have
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Hence H(T x 4 , T x 5 ) = 6 ≤ 3.6 = 9r = rM T (x 4 , x 5 ) for any r < 121 276 Example 2.6. Let X = {x 1 , x 2 , x 3 } and d : X × X → R + be defined as
Define the mapping
Let ξ(s, t) = s b − t ∈ Λ and r = 3 10 . Clearly, r < 9 28
Thus, all the conditions of Theorem 2.1 are satisfied. On the other hand, if
So, H(T x 3 , T x 2 ) = 1 ≤ 0.6 = 2r = rd(x 3 , x 2 ) for any r < 9 28
. Hence Theorem 1.13 is not applicable in this case. This implies that Theorem 2.1 is a proper generalization of Theorem 1.13 which itself is a generalization of Theorem 1.5, and Theorem 1.3.
Corollary 2.7. Let (X, d) be a complete b-metric space and f : X −→ X a Ciric-Suzuki type quasi-contractive operator. Then F (f ) = {u}, and the sequence {f n x} converges to u for any choice of an element x ∈ X.
Proof. It follows from Theorem 2.1 that F (f ) is nonempty and for all x ∈ X, the sequence f n x → u as n → ∞. To prove the uniqueness of fixed point of
a contradiction and hence F (f ) is singleton.
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Corollary 2.8. Let (X, d) be a complete b-metric space and f : X −→ X. If for any x, y ∈ X, d(x, f x) ≤ bd(x, y) implies that d(f x, f y) ≤ rd(x, y) for some r ∈ 0, 1
. Then F (f ) = {u} and the sequence {f n x} converges to u for any choice of an element x ∈ X.
Corollary 2.9. Let (X, d) be a complete b-metric space and f : X −→ X a mapping. If there exists a ξ ∈ Λ and an r ∈ [0, 1) with r <
Then F (f ) = {u}, and the sequence {f n x} converges to u for any choice of an element x ∈ X.
Proof. It follows from Corollary 2.7. Proof. It follows from Corollary 2.10 as every strong b-metric is b-metric.
Characterization of a b-metric space completeness
Connel studied properties of fixed point sets and presented an example [15, Example 3] of a separable and locally contractible incomplete metric space that has a fixed point property (FPP) for contraction mappings. This shows that BCP does not characterize metric completeness (see also [20] ). Kannan [24, 25] proved a fixed point theorem which is independent of BCP. Subrahmanyam [38] proved that if underlying metric space X has FPP for Kannan type contractions, then X is complete. Suzuki [39] presented a fixed point theorem that also characterize metric completeness of X. For more details on FPP and completeness properties of metric spaces, see [11] .
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In this section, we present some results about the strong b-metric and b-metric completeness characterizations via fixed point results obtained in section 2.
Jovanovic et al. [23] proved the following version of BCP in b-metric spaces.
Theorem 3.1. Let (X, d) be a complete b-metric space and T : X → X a map such that d(T x, T y) ≤ rd(x, y) for all x, y ∈ X and some r ∈ 0, 1 b .
Then F (T ) is singleton.
Dung et al. [19] replaced the condition 0 ≤ r < 1 b with 0 ≤ r < 1 and proved that BCP can be transported in b-metric spaces without imposing any additional condition on a contraction constant r.
They proved the following result.
Theorem 3.2. Let (X, d) be a complete b-metric space and T : X → X a map such that d(T x, T y) ≤ rd(x, y) for all x, y ∈ X and some r ∈ [0, 1). Then F (T ) is singleton.
Park and Rhoads [32] commented on characterization of metric completeness.
We present analogous comments in b-metric spaces. Let (X, d) be a b-metric space and B a class of mappings of a b-metric space X such that if any map in B has a fixed point then X is complete. Let A be a class of mappings of a b-metric space X containing B such that completeness of X implies the existence of fixed point of any map in A. Proof. If X is complete then, any map in A has a fixed point. Conversely, let any map in A has a fixed point, then any map in B has a fixed point. Then by assumption on B, X is complete.
We present the following lemma that is needed to prove the main result in this section.
Lemma 3.4. Let (X, d) be a strong b-metric space and {x n } a Cauchy sequence in X. Then d(x, x n ) is a Cauchy sequence in R for all x in X.
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for each n, m ∈ N. Thus, we have
for each n, m ∈ N. The result follows as {x n } is a Cauchy sequence in X.
The following result gives the characterization of completeness of a strong b-metric space.
Theorem 3.5. Let (X, d) be a strong b-metric space. For r ∈ [0, 1) with r < 1 b 2 +b , let A r,η be a class of mappings T on X which satisfies the following :
where
Let B r,η be the class of mappings T on X satisfying (a) and the following:
Then the following are equivalent:
(ii) Every mapping T ∈ A r,η has a fixed point for all r ∈ [0, 1) with r < 1 b 2 +b .
(iii) There exists an r ∈ (0, 1) with r < 1 b 2 +b such that every mapping T ∈ B r,η has a fixed point.
Proof. It follows from Corollary 2.11 that (i) implies (ii). As B r,η ⊆ A r,η , so (ii) implies (iii). We now show that (iii) implies (i). Suppose that (X, d) is not complete. That is, there exists a Cauchy sequence {u n } which does not converge. Define a function f :
By Lemma 3.4, {d(x, u n )} is a Cauchy sequence in R for each x ∈ X. Hence f is well defined. Note that f (x) > 0 for every x ∈ X and lim n→∞ f (u n ) = 0. Consequently, for every x ∈ X there exists a υ ∈ N such that
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Define
f (x) and T x ∈ {u n : n ∈ N} (3.3)
for all x ∈ X. From (3.3), we have f (T x) < f (x), and hence T x = x for all x ∈ X. That is, T has no fixed point. As T (X) ⊂ {u n : n ∈ N}, so (b) holds.
It is easy to show that (c) holds. Note that, for all x, y ∈ X
Fix x, y ∈ X such that η(r)d(x, T x) ≤ bd(x, y). We now show that (3.1) holds.
Observe that
We now divide the proof in two cases.
Case (2) If f (y) < 2bf (x), then by (3.4) we have
f x ≤ rd(x, y).
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Hence η(r)d(x, T x) ≤ bd(x, y) implies that
for all x, y ∈ X. From (iii), a mapping T has a fixed point which gives a contradiction. Hence X is complete and consequently (iii) implies (i).
Remark 3.6. Let {x n } be a Cauchy sequence in a b− metric space X. If {x n } is convergent to some u ∈ X, then for any x ∈ X, {d(x, x n )} is convergent in R and hence Cauchy in R. If {x n } is not convergent, then from triangular inequality of b-metric, it does not follow necessarily the Cauchyness of d(x, x n ) in R. Assume that is the class of b-metrics d and for any Cauchy sequence {x n } in X and for any x in X, {d(x, x n )} is Cauchy in R. Consider a metric space (X, ρ) with d(x, y) = (ρ(x, y)) p for p > 1. Then d is a b-metric on X (see [26] ). Hence is nonempty. Now we present the following result which deals with characterization of a completeness of b-metric space. Let B r,η be the class of mappings T on X satisfying (a) and the following conditions:
(ii) Every mapping T ∈ A r,η has a fixed point for all r ∈ [0, 1) with r < (iii) There exists an r ∈ (0, 1) with r < 1 b 2 +b such that every mapping T ∈ B r,η has a fixed point.
On taking limit as n → ∞ on both sides of the above inequality, we obtain that
Hence f x ∈ F (f, T ). If (C 3 ) holds , then we have lim n→∞ f n (u) = x for some u ∈ X and x ∈ C(f, T ).
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By continuity of f , x = f x ∈ T x. Hence in all the three cases, we have F (f, T ) = ∅.
Corollary 4.2. Let (X, d) be a b-metric space, f : X → X, T : X → CB(X) with T (X) ⊆ f (X) and f (X) a complete subspace of X. If for any x, y ∈ X ξ (d(f x, T x), d(f x, f y)) ≤ 0 implies that H(T x, T y) ≤ rd(f x, f y)
is nonempty if any of the following conditions hold:
and x ∈ C(f, T ) and f is continuous at u.
C 5 -The mapping f is T −weakly commuting at some x ∈ C(f, T ) and f 2 x = f x.
C 6 -The mapping f is continuous at at some x ∈ C(f, T ) and lim n→∞ f n (u) = x for some u ∈ X.
Stability and uniform convergence results
In this section, we find an upper bound of Hausdorff distance between the fixed point sets of two Ciric-Suzuki type quasi-contractive multivalued operators and then study the uniform convergence of such sets in the setup of b-metric spaces.
Theorem 5.1. Let (X, d) be a complete b-metric space and T 1 , T 2 : X → P (X). Suppose that T i is Ciric-Suzuki type quasi-contractive multivalued operator for each i ∈ {1, 2}. If there exists λ > 0 such that
for all x ∈ X. Then F (T i ) is closed subset of X and T i is a MWP operator for each i ∈ {1, 2}. Also, the following holds: − r i for i ∈ {1, 2}.
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Proof. By Theorem 2.1, F (T i ) is nonempty for each i ∈ {1, 2}. Let {x n } be a sequence in F (T 1 ) such that x n → z as n → ∞. Note that
Hence, we have d(z, T 1 z) ≤ bd(z, x n ) + bd(x n , T 1 z)
≤ bd(z, x n ) + bH(T 1 z, T 1 x n )
≤ bd(z, x n ) + br 1 max{d(z, x n ), d(z, T 1 z), d(T 1 x n , x n ), d(x n , T 1 z), d(z, T 1 x n )} ≤ bd(z, x n ) + br 1 max{d(z, x n ), d(z, T 1 z), d(x n , T 1 z)}.
On taking the limit as n → ∞ we obtain that
As b ≥ 1, so d(z, T 1 z) = 0, that is, z ∈ T 1 z. Hence F (T 1 ) is closed. Similarly, F (T 2 ) is a closed subset of X. Following arguments similar to those in the proof of Theorem 2.1, we conclude that T i is MWP operator for each i ∈ {1, 2}.
We now show that (5.2) holds for all x in X. As r i < 1 b 2 + b < 1, there exist α i ∈ R + such that r i 2 + α i = 1 2 1 b 2 + b which gives that
We set β i = r i + α i . Note that 0 < β i < 1 and α i > 0. Following arguments similar to those in the proof of Theorem 2.1 with x 0 ∈ F (T 1 ) and x 1 ∈ T 2 x 0 , we obtain a Cauchy sequence {x n } in X such that x n+1 ∈ T 2 x n for all n ≥ 1 and it satisfies:
